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Abstract

efficient primal-dual algorith
tial transversal of two famili
ghts of its elements. The prob
ignment problem and a speciali
imum weighted common independe
ermining a common partial tran

m the former one.




troduction

a],...,ek,....,ep} is a finite set of elements. Let element e have

l valued weight ¢, . The weight of a subset F c E is the sum of the

ts of the elementg of F, Let A = (A1’°"’Ai""’Am) and
Bl""’Bj""’Bn) be two families of non-empty subsets of E.

set F of £ is called a tranversal of family A if F consists of m

act elements of E, one from each set Ai' F is a partial transversal

if F is a tranversal of a subfamily of A. A common partial transversal
and B is a set which is a partial transversal of both A and B.

ibject of this report is: determine a common partial transversal of

B with a maximum weight.

ample of the problem is the following. E is a set of jobs, each to be

ssed during one time unit. The weights c, indicate the priority of the

k
Ai is the set of jobs that work party i is qualified to process. Bj
2 set of jobs that can be processed on machine j. A maximum common
al transversal provides a set of jobs with maximum total priority,

job processed by a qualified work party on a suitable different machine.

wellknown that the partial transversals of family A are the indepen-
sets of a matroid on &, a so-called transversal matroid. An efficient
ithm for determining a partial transversal of A with maximum weight
fore is the greedy algorithm [3].

ibject of this report is how to find a maximum common independent set
> transversal matroids. The more general problem of finding a maximum
1 independent set of two matroids, without restrictions on the kind of
lds involved, has been solved efficiently by Edmonds [2] and Lawler
jome special classes of the latter problem have been solved efficient-
50, e.g. the problem of constructing a maximum weighted directed tree
lirected graph, equivalent to finding a maximum common independent set
jraph matroid and a special transversal matroid (Edmonds [11]).

re present an efficient algorithm for the maximum common partial
rersal problem. If the subsets of family A are mutually disjoint, and

mme holds for family B, the problem reduces to the linear assignment




>lem and the algorithm simplifies to the Hungarian method [4][5].

section 2 a linear programming formulation of the problem and its dual
used to state optimality conditions. The algorithm starts with con-
icting an initial primal and dual solution. The algorithm then searches
improved primal solutions given the dual solution, until no better one
found. In that case an improved dual solution is constructed given the
rative primal one and the algorithm restarts searching for primal im-
vements. In section 3 this process is described as a search for an
nenting path in a directed tree, growed by means of a labelling process.
tion 4 provides the proof of the method, in particular concerning its
iciency. In section 5 the case ¢, = 1 for all elements of E is treated,

k
. an algorithm for determining a common partial transversal with maxi-
cardinality is derived from the preceding sections. Section 6 finally
1s with details of the implementation of the algorithm and lists some

putational results.




'scription of the algorithm

.sociate with the common transversal problem a graph G as follows: the

x-set of G consists of the subsets A = {ai | Ai eAl,

bj Bj € B}, EA = {eak | e € E} and EB = ebk | e, € E}; the edge-set
of G contains an edge (eak,ebk) for k = 1,...,p, an edge (ai,eak) for
e € Ai and an edge (bj,ebk) for each e

Xk € Bj.

Fig.l: An example of graph G.

ition. A set of edges M of the graph G is called a matching, if
1) at most one edge of M is incident to vertex x, for each
X € A U B;
2) if any edge of M is incident to ea EA (ebk € EB), then
exactly two edges of M are incident to ea, (ebk), one of which

is (eak,ebk).
all denote the set of vertices of G, incident to a matching M, by Mv'

assign weight Che to edges (eak,ebk) and weight zero to the other
of G, the maximum common partial transversal problem clearly is
alent to finding a matching (in the sense of the above definition)

a maximum weight in G.

so can formulate the transversal problem as a zero—one linear pro-

ing problem., Let a variable xijk be one if element e € E links sub-

3 of family A with subset Bj of family B, and zero else. The i.p.-




mulation of the transver

Maximize E
k=1 ilkea, jl

subject to:
keA., j|E€B.
1 ]

keB. 1ilkeA,
] 1

) ]

ilkeA, jlkeB.
i i

1]

jolution (ijk) of (2) -

ind vice versa:

Xigg = 1=

> dual problem of linear

m n
) Minimize X u., + Z
i=1 j=

oblem reads:

k Fijk
<1,1i=1,...,m
<1, j=1,0e.,n.
<1, k= 1,.00,p.
20, 1 =1,,.0,m3
j= ]"°°’n;
k= 1,c000,Pe
iger, 1 = 1,...,m;
j= 1"'-sn;
k= 1l,cee,Pe

yrresponds with a matchir

JoeM (eak,ebk) e M, (e

iming problem (1) - (2)

f

=1




subject to:

/
u, + vj + v 2 Cr? k =1,.0.,p;
il ke A.;
i
jl ke Bj.
< u, 20, 1=1,.0.,m.
vj 20, jJ=1,.s.,n,
W 20, k=1,...4pPs
AN

uality theorem of linear programming says, that

fying (2) is optimal if and only if a solution (
xists such that the criterion values (1) and (4)
) satisfies (3) also, there is a matching M with

nding with (xijk)' The equality of the criterium

. . .+ =
xiJk>0-———-=ul+vJ Wk ck

u. > 0= a. e M
i i v

v. > 0=—= b. e M
J J v

vy > 0 =—= (eak,ebk) € M.

we can solve the maximum common partial transver
of dual solutions (x.. and (u.,v.,w, ) satisf
r of (x; p) and (ug,v0,w)

tions (2), (3), (5), (6), (7), (8) and (9).

lgorithm starts with solutions violating only so

u. = max {0, max c } s, 1= 1,000
. keA. k
< 1
Vj = s 3= 1yees
W, = 0 s k=1,...

ng
ng

ding

ns




'ing the execution of the algorithm the conditions (7)
one, and that by constructing an augmenting path in G,

:isfied condition remains satisfied.

: S and T be sets of edges of G. We define the compleme

pect to T as
S(T) = (SUT) \ (Sn T),

'« edges of T, not yet belonging to S, are added to S a
T are removed out of S,

ath P = (xo,...,xr) in G is a sequence of vertices of
,xi+]) is an edge of G and each vertex of G occurs at
ath P of the form (XO""’Xr—l’ai) is called an augmen

atching M, if ﬁ({(xo,x]),...,(x ai)}) satisfies all

r-1’°
ions so far satisfied and in addition condition i of (

constructing AP's successively ending in a3, 500e and

2
1 reach a pair of optimal solutions (Xijk) and (ui,vj,

imal solution of the transversal problem.

11filled one

. any once

) of S with

» other edges

. that
mce in P.
vath (AP) for

lality con-

he algorithm

nd thus an




e construction of an augmenting path

e have at our disposal a dual solution (ui,vj,wk) and a matching M,
sponding with an integer solution (xijk

all optimality conditions except some of (7). a, is a vertex of G

violates (7), i.e. U, > 0 and a, ¢ Mv' If there is no such a vertex,

). The pair of solutions satis-

resent matching is optimal and the algorithm ends. Else 2, becomes the
of an arborescence, i.e. a directed tree, a part of which finally is

to result in an AP,

e describing the construction of an AP we need one more definition.

ition., An edge (ai,eak), resp. (eak,ebk), resp. (ebk,bj) of G is
called admissible with respect to a dual solution (ui,vj,wk),
if there is a path (ai,eak,ebk,bj) in G, such that

.+ Vv, tw = c.
ul VJ Wk Ck

edge of an AP belongs to a matching - either M or M({AP}) -, which we
to satisfy the conditions (6). Henceforth, only admissible edges are

dates for inclusion into an arborescense.

INITIALIZE

LABELLING

PROCES
CHANGE
DUAL
VARIABLES

AUGMENT
NO apr \ YES UG

\\\\\V/;/// MATCHING

Fig.2. The construction of an AP

w can describe the construction of an AP and the subsequent augmen-
m of the matching (fig. 2). Firstly a labelling process grows an arbores-
» rooted at a.. When an AP is met during the labelling process, the la-

0
nghalts and a new matching is found by taking the complement of M with




ipect to AP, If the labelling process ends by exhaustion, the growed
jorescence has a maximum number of edges given the present dual solution.
;1 the values of (some of) the dual variables are changed, in that way

it the labelling process can be continued, restarting from the arbo-
;cence growed before. After a finite number of changes of the dual vari-
.es the arborescence will contain an AP.

s labelling process below assigns labels to the vertices of G. The state
a vertex is either labelled or unlabelled. Two vertices are in the same
ite if they are both labelled or both unlabelled. Else they are in a

*ferent state.

now state the algorithm for constructing an augmenting path, ending in

3ELLING PROCESS:

. Initialize all vertices of G as unlabelled and unscanned. Assign to

a, label [O].

: Select a labelled, unscanned vertex X.
If there is no such a vertex the arborescence is maximal with regard
to the present dual solution: go toDUAL VARIABLE CHANGE.
Vertex x becomes scanned; if x € A go to L3;
if x € EA go to L4; if x € EB go to L5;
if x ¢ B go to L6.

: Let x = a,. If u; = 0, an AP has been found, starting in a;: 8o to
BREAKTHROUGH.
Assign 1label [i] to all unlabelled vertices ea € EA, incident to an
admissible edge (ai,ea).

Go to L2.

: Let x = ea, . If ea, is matched, assign then label [k] to the match
of ea, in A, i.e. to vertex a; € A such that (ai,eak) e M.
Else assign label [0] to vertex ebk.
Go to L2,




Let x = ebk.
cident to an admissible edge (ebk,b).
If ea, unlabelled and W, = 0, assign then label

Go to L2,

Let x = bj. If bj is unmatched, an AP has been f
byt go to BREAKTHROUGH.

Assign label [j] to the match of bj in EB, i.e.
such that (eb bj) € M.

Go to L2.

k,

VARIABLE CHANGE:

Compute d, = min {ui | a, labelled}l.
i

Compute d, = min {(:1?) {u +v 4w —c ] (a,ea)

’ (ebk,bj)
ea, unlab
ebk and b
| a. labell

i

Compute d3 = min {wk | ea, unlabelled, ebk label

Compute d, = min {m%n {vj | (ebk,bj) e D(G), bj

b
- m;n {vj | (ebk,bj) e D(G),
|ebk labelled}.

d = min {d],dz,d3,d4}.
Change the dual variables: if (ui,v}.wé) denote

after the change, then:

u, - d , a. labelled
l ui , else,
v, +d , b. labelled
vi={ ]
] V. , else.

Assign label [k] to all unlabelled -

es b € B, in-

eak.

starting in

tex ebk ¢ EB

b
9

he same state}

1led}

elled}

lal variables
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vy +d > eay labelled, eb, unlabelled

k
| - -
v vy d > ea, unlabelled, ebk labelled
W > eay and ebk in the same state.

D6: Determine the vertices of G which are starting-points for a further
labelling by transferring them into the collection of unscanned

vertices:

1. If d = dr’ each labelled vertex a; such that for i = iO the
0

minimum dr is assumed in Dr (r = 1,2);

2. If d = d_, each vertex eb, , such that for k = k_  the minimum d
T ko 0 T
is assumed in Dr (r = 3,4).

D7: Go to L2,
BREAKTHROUGH :

Construct the augmenting path by running back in the growed arbores-
cence from the breakthrough-point a, or bj into the reverse direction

of the edges of the arborescence until the root a, is reached, i.e.:

0
go from a vertex b € B to ea, if label bj = [k];

go from a vertex ebk € EB to { bj if label ebk =[3j1, 7 > 03
ea, if label ebk = [0];

go from a vertex ea, « EA to a; if label ea = (i1, i > 0O,
ebk if label ea, = [0];

go from a vertex a € A to ea , if label a = [k], k > 0,

k
else stop.

Determine the new matching by removing the edges of the AP, already

belonging to M, out of M, and adding the other edges of the AP to M.




‘00of of correctness and efficiency

ly we prove some properties of the change of the dual variables (DVC),
. others that a DVC does not violate any already satisfied optimality
tion., Afterwards we show that an AP is known after the execution of
ely many DVC's., The correctness and finiteness of the algorithm im—

tely follow.

art with a trivial observation., Let u, + vj w2 e for each path

ak,ebk,bj) of G. If a; is incident to the admissible path
eak’ebk’bj)’ more precisely, if a; is incident to the admissible edge

then 0

eak) and u, + vj + W = Cps

0

u; = min {ui | (ai,eak) e D(G)}.
0 i
ual variables u, of all vertices a; € A, adjacent to a vertex ea, by
missible edge, are equal. Likewise, if b. 1is incident to the admis-

,eb, ,b. ) then 0

path (ai,ea K’ i

k
vjO = mﬁn {vj [ (ebk,bj) e D(G)}.

_1: If an edge (ai,eak), resp. (ebk,bj), of G belongs to M, then the

vertices a; and ea , resp. ebk and bj’ are in the same state.

If eak has received a label, then also a; (see L4). No matched
vertex in A can receive a label unless his match in EA previously
received a label.

A similar reasoning proves the lemma with respect to (ebk’bj)'

: A DVC does not violate any optimality condition already satisfied.

.

' The optimality conditions (2) and (3) are independent of the dual
solution. Conditions (7), (8) and (9) are easily checked: a DVC
makes no u, positive (7); vj becomes positive only if bj is
labelled, but then bj € Mv (8); w, becomes positive iff ea, is

k
labelled and ebk unlabelled, but then (eak,ebk) e M (9).
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'he change of the dual variable w,_ can be split up in the change

k

lue to the state of ea, and the change due to ebk.

‘hat 1if xijk > 0 then a, and eak are in the same state, and ebk

ind bj also. If the two vertices, incident to an edge of G, are in

Lemma 1 implies

‘he same state, the changes in the corresponding dual variables,
lue to the state of those vertices, are zero or equal in absolute

ralue with opposite sign, so their sum is zero. Hence if Xijk >0,

:he resulting change of us + vj + w, is zero and (6) is not vio-

k
.ated.

1 and Wy do not become negative by a DVC because of DI, D3 and

)5. The remaining check concerns the nonnegativity of

L+ v, tw - .
1 vJ W, — ¢ on each path (al,eak,eb
:he change in u, + vj +w

k’bj) of G. We split up
K in the change due to the states on
[ai,eak) and the change due to the states on (ebk’bj)' Problems
»nly arise if a decrease of the dual variables due to one of both

:dges’ is not compensated by the other one. We discern three cases:

l. a, labelled, ea, unlabelled, ebk and bj in the same state:
condition (5) holds because of D2;

[N

. ebk labelled, bj unlabelled, a; and ea, in the same state:

in this case ebk is incident to an admissible path, say

(a. ,ea, ,eb ,b, ). Furthermore, b, is labelled, either accord-
1, k> Tk 1 1
ing to L5, or due to L6. Lemma 1 and D4 imply vg 2 vi after
1
the DVC. On the path (ai’eak’ebk’bj ) the vertices are pairwise
1
in the same state, hence the total change of the dual variables

is zero and

>u' +v! +w =u. +v. +w =>c

\] | 1 .
ETRARE TR e SRS T T T R T

w

a. and eb, labelled, ea, and b. unlabelled: in this case eb
1 k ] k
must have a label # 0, say [j]].

bj is labelled and on an admissible path, so according to D&
1

! '+ wé > u! + v! + w'. The path (ai,ea

b. ,b. falls
up + vJ H i, X L Jl) a




under the first case above, hence ui + v3 + wé 2 ¢

is suffices to check (5) and concludes the proof of the lemma.

. dual solution after a DVC admits the same arborescence as the

ution before the DVC.

. value of the dual variables is only relevant to the labelling
L3 and L5.

icerning L3, let eak have received a label from ass and
,eak’ebk’
have the same state. If ea, ¢ MV then eb, and bj both are

bj) be an admissible path before the DVC. Now a; and

: k
elled according to L4 and L5, and the total change of the dual

‘iables is zero, so (ai,eak) still is admissible after the DVC.

e ea, € M and eb
v

" € MV and there is a vertex b. with

]

1
. ,b. ) € M, hence eb, and b, are in the same state and we see
k i k 3,

,eak,eb

k

k,bj ) is admissible before and after the DVC, having in
1

d the observation at the beginning of this section.

icerning L5, let bj have received a label from ebk. If ea, is

ielled there is a path (ai,eak,eb bj) fully labelled. Else there

k.’
a labelled vertex bj , the match of ebk in B. Before and after
1

» DVC (eb, ,b. ) is admissible, v. = v. and v! = v!

( k7, N I i iy
'k’bj ) is admissible. The last thing to check is that W, re-

1

ns zero if eak has received a label from ebk. Well, ea, and ebk
;n are in the same state and D5 completes the proof.

SO

ma 3 says that the old arborescence remains valid. The next

ng to show is that the arborescence actually can be expanded
:er a DVC, or hids an AP so the labelling can be ended. Before
ywving this we show that no vertex twice receives a label.

‘tices in EA oY B only receive a label if they are unlabelled,
at most once. Vertices a; € A, except the root g only receive
.abel from their match in EA, namely when that match, labelled

| unscanned, is selected in L2. Once scanned, a vertex ea € EA
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sver becomes unscanned again. A vertex ebk € EB can receive a

abel from ea, if ebk ¢ Mv’ or else from its match in B. For both
ertices holds that they are only once selected in L2.

t the same time we observe that the labelled vertices, except the
oot a,, can be divided into pairs, incident to the same edge of

. With any labelled vertex bj corresponds its match in EB; with

ny labelled'vertexeak corresponds either its match in A or ebk.

he changes of the dual variables of the paired vertices compensate
ach other in the dual criterion function (4). The total decrease

f (4) by a DVC therefore is equal to d. Clearly d > 0, because
therwise the continuation of the labelling, as indicated by lemma
below, could have taken place before the DVC.

f the coefficients ¢, are integral valued, d > 1 holds, and the

aximum number of DVC's is equal to the criterion value of the

nitial dual solution.

fter a DVC either an AP is found before the labelling endsvby

xhaustion, or at least two more vertices receive a label.

'he in D5 computed value d is equal to d],dz,d3 or d4.

fd-= d], a labelled vertex a; with u, = 0 is declared unscanned
’ 0 0
n D6 and we meet the situation in L3 that ends the labelling. If

| = d2, a labelled vertex a; is adjacent to an unlabelled vertex
0
ra by an edge which becomes admissible by executing the DVC. So

ay and either ebk or the match of ea, in A receive a label.

k k

fd = d3, a w, becomes zero and ea and its match in A receive
0 0

.abels.

(f d =d,, an edge (ebk ’bj) with bj unlabelled, becomes admissible

42
0
ifter the DVC. Then either the match of bj in EB receives a label,
iz, if bj € Mv’ or the labelling ends in situation L5. The proof
that an AP really has been found when the labelling ends in the

situations L3 or L5, is given in lemma 5.




5: The arborescence will contain an AP after the execution of finite-

ly many DVC's.

If the graph G has v vertices, lemma 4 and the fact that each
vertex only at most once receives a label, imply that after
(v-1)/2 DVC's a vertex a, with u, = 0, or a unmatched vertex bj’
or all vertices have received a label. In the latter case another
DVC will yield a minimum d = d] for 1 = iO’ and u, becomes zero.
Thus after finitely many DVC's the algorithm will gurn up at the

breakthrough-routine. Yet to show is that the path P determined by

this routine, conforms to the definition of an AP.

atching M and AP with Matching M, constructed by
tart in b, ending in taking the complement of M
with respect to the AP

root a
, 0

edge, not in matching

edge, in matching

> direction of labelling of an edge in AP

Fig. 3. FExample of an AP




first of all we check that taking the complement of the matching

1 with respect to P, produces a new matching ﬁ, i.e. M satisfies
(2) and (3) (figure 3).

low each vertex of G occurs at most once in P, because each vertex
1as received a label at most one. We restrict our attention to
rertices of G, incident to P, because to the other vertices of G
:he same edges of M and M are incident.

0
sxactly one edge of M is incident with any of then. A starting

lhe root a, and a starting point bj of P do not belong to Mv’ so
»oint a; of P belongs to MV and not to ﬁv'

[o a vertex x € A U B on P, except the extremal vertices of P, two
:dges of P are incident. One of then is the edge of M incident to
¢ and hence not contained in M. Then the other one cannot belong
to M and therefore belongs to M. So exactly one edge of M is in-
:ident to x and x € ﬁv'

Lf ea, is incident to P and (eak,ebk) ¢ M, there exists a path
(bj,ebk,eak,ai) < P, of which the edges are not contained in M.
Those edges are the only ones incident to ea, or ebk in M,

Lf ea, is incident to P and (eak,ebk) € M, either there exists a
bath (ai,eak,ebk,bj).i P, and the edges of this path belong to M
and not to M, or (eak,ebk) ¢ P:

[n the latter case (eak,ebk) € M. The vertex ea now is incident
to P in a way as above described for x ¢ A U B: one of the two
adges of P incident to ea, belongs to M and the other one not,
and after the breakthrough the same holds for M, after exchanging
the edges.

As the same considerations hold in the case of ebk, M really is a

natching.

The breakthrough does not concern the dual solution, hence with
respect to condition (5) nothing changes. The other conditions,
namely (6), (7), (8) and (9), remain satisfied by the construc-
tion of the arborescence. For it consists of admissible edges,
which suffices to maintain (6). A vertex bj’ once incident to a

matching, is incident to all succeeding matchings, and that proves




(8). If Vi

(ea, ,eb ), so (ea ,eb ) e M (9). If condition (i) of (7) was

> 0, the arborescence and hence the AP does not contain

satisfied before the breakthrough, either u. > 0, so a; is no

starting point of the AP and a, € M, or u, 0. The same reasoning

holds for the root a, of the arborescence: a, € M or uy = 0.
This completes the check of the optimality conditions and proves

an AP has been found.
The algorithm computes a maximum matching in a efficient way.

The above lemma's imply that after constructing at most m AP's a
maximum matching has been found.

The efficiency has been proven, if the order of the amount of work
to construct an AP is shown to be polynomial in n, m and p.

During the growth of an arborescence at most m + n + 2p vertices
receive a label. Labelling from vertices in EA U B requires a time
proportional to p + n, and labelling from a vertex a € A a time
proportional to p * n, included the time to establish the admissi-
bility of an edge. The time due to assigning a label to a vertex
of A, also is proportional to p * n. Hence the total time for
assigning labels to vertices of A and from vertices of A, is pro-
portional tom * p * n. In a similar way the time involved in
labelling vertices of EB is proportional to p * n. So the label-
ling requires a time of the order m * n * p. The time for deter-
mining a new matching is proportional to the length of the AP and
therefore at most of the order of the labelling.

The order of time of a DVC depends on the computation of the
minima d, and d

2 4
DVC's an AP has been met, the time needed for DVC's and also the

hence is m * n * p. As after at most (m+n+2p)/2

time for constructing an AP, is proportional to

(m+n+p) * m * n * p. Q.E.D.

. . . 2
The algorithm itself therefore is of the order m np (m+n+p).

Assuming O(m) = O(n) and p >> m, the total computing time is pro-

w

. 2
portional to mp .

In section 6 a tighter bound will be given.
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\ common partial transversal with maximum cardinality

-an determine a common partial transversal of A and B with maximum car-
1lity, i.e. with a maximum number of elements of E, by applying the al-
ithm of section 2 and 3 with ¢ = 1 for all elements of E. The case
sver allows some simplifications.
see this, assume we proceed according sections 2 and 3. We then con~
ict an initial dual solution with u, = 1 for all i, because each set Ai
son-empty. Next we start growing an arborescence, say with root ag.
ark all edges up to now are admissible. If an unmatched vertex bj re-
ves a label, an AP has been found and we continue by determining the new
ching and growing again an arborescence. The alternative is that the
elling ends by exhaustion, as all u, are 1 and no a; with u, = 0 can
eive a label. In that case the algorithm executes a DVC, resulting in

1 and u, = 0 after the DVC. So an AP containing zero edges has been

0

nd, starting and ending in a,. In the sequel of the algorithm a, is un-

0
ched and never will receive a label again, hence we know a, will be un-

ched in the optimal solution.

tead of executing a DVC and a breakthrough with AP = @, we therefore

ove a,. out of G, together with all edges of G, incident to ag. In the

uced graph G' we maintain the initial dual solution (except ug = 1) and
matching of G. We continue the algorithm by growing a new arborescence
G' with root at any unmatched a.
observe that this method always maintains the same dual solution in the
rative graph G': u, for all a, in G', vj = 0 for all j and W = 0 for

k. All edges present in G' are admissible and we do not need explicitly
dual solution,
marized the modifications with respect to the algorithm for growing an
orescence, presented in section 3, are the following:

root a, is an unmatched vertex in the present, possibly reduced graph




No breakthrough can occur, all ui being one;

assigns labels to all unlabelled vertices adjacent to a;s

Assign labels to all unlabelled vertices adjacent to eb, , included

k’
eak;
VARIABLE CHANGE:

Stop growing the arborescence. Construct a reduced graph G' by removing

out of G vertex a, and all edges incident to a

0 0°

TRHOUGH:

The starting vertex of an AP always is a vertex b € B.

rder of the above algorithm depends on the time for growing a maximum
‘escence in G. Each edge adjacent to x € A U EB once is scanned, viz.

g the labelling from x; the time needed for labelling from x ¢ EA U B
‘oportional to |EA| + |B]| D p + m. Because lBjI > 1, the total

ling time is proportional to the number of edges of G,

m n

Iolal+ 1 I,
=1 1 j:] ]

omputing time of the maximum cardinality algorithm is proportional

e number of sets in family A times the number of edges of G.

ler kindred problem is how to select among the common partial trans-—
.1s of A and B with maximum cardinality the one with maximum weight
set could be determined by applying the algorithm of section 2 and 3,
by ¢! = ¢, + M. M must be chosen that

k k k
» that the partial transversal with more elements weights more than

lcing the original weights c

me with less elements, e.g.

P
M= 2 Ic

k=1 k

e direct approach however is possible. Suppose the weights cé are

' denotes the cardinality of a set Y.
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1 in the algorithm of sections 2 and 3. The initial values of Upseee,u

2’ d3

and not of order M, unless all sets involved with the computation

m
in the order of M. During a DVC the minimum d will be equal to d

i
4?
1], d2 and d3 are empty. In the latter case d = d] holds, say for i = io.
tnow that a; will not be matched in the final solution.

cead of adjugting the dual solution and afterwards computing a new
thing, we can proceed as follows. We remark the method mentioned below
be applied also in the standard algorithm of section 2 and 3, and
1ally is applied in the ALGOL-procedure of the appendix.

immediately determine the new matching M by means of the AP starting in

, Next we remove a; and its incident edges from the graph G, and thus
0
a reduced graph G'. M satisfies condition (0) of (7) and all optimality

litions so far satisfied except condition (io) of (7). That condition

asver does not occur in G' because of the absence of a, in G'. We thus
0

le a change of the dual variables of order M, and the variables u, in

5till are of order M.

io not have to specify M., We set u, = max {c

o (ai,eak) e D(G)} in the

|
tial dual solution.

ing a DVC we first of all compute d' = min {W,dz,d3,d4}. If d' < » we

ist the dual solution and continue the labelling as usual. Else we

ute u. = min {ui | a; labelled} and proceed as described above. When
0 i

samploy the values of u. derived from the original c, , the labelling of

k’
rtex a, with u., = 0 does not imply an AP has been found, as u, really

ads fqr ui +M=M>0.




mputational aspects

lgorithms of sections 2 and 3 and section 5 have been implemented in
and tested on the EL-X8 computer of the Mathematical Centre.
results for a series of small problems are given in table 1. In the
mly generated problems the expectation of the number of elements in

Ai or Bj varies between 2 and 5.

Table 1.
Max. CPT algorithm Max. card. algorithm
m=n T D)
DVC's time time
25 7 1.3 A4
26 5.5 .9
50 32 5.5 .9
70 18.7 2.1
75 24 4.5 1.6
93 26.9 3.1
seconds

rther restrict us in this section to the procedure for the maximum
n partial transversal problem, included in the appendix.

es a recursive labelling, which enables us to code the labelling

r shortly. A different order of labelling, e.g. alternately from un-

ed vertices in A and EB, could be preferable.

ond feature of the procedure is how it decides an edge to be admissible.
rocedure initially computes, and if necessary updates, a set of

ers rb(k), k = 1,...,p, satisfying

= m%n {Vj l (ebk,bj) e D(G)}.

v
rb (k) ;
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idge (ai,eak) is admissible if u + v = ¢, . An edge (ebk,bj)

rb(k) T "k T Sk
iIdmissible if vj = Vrb(k) and (ebk’brb(k)) is admissible; we only have

lecide if (ebk,bj) is admissible, when we already know there exists an

.ssible path (ai,eak,ebk,bj ) through ebk, i.e. we know (ebk,b

) is
1 )

rb(k
.ssible.

sbk is matched to bj’ the procedure sets rb(k) = j. For the rest rb(k)
to be updated only after executing a DVC. If for an index k

_,ebk) € M, or ea, and/or eb, are labelled, or rb(k) is unlabelled,

k k
:) does not change by a DVC. Else rb(k) has to be computed according to
definition. The time for a complete update of rb(k), is proportional
B, 1.

i
‘use of rb(k) decreases the order of time for labelling during the
7th of an arborescence: the labelling time now is proportional to the

ver of edges of G.

most time consuming part of the algorithm is the DVC and in particular

computation of d2 and d4. However we can reduce somewhat the order of

time for the DVC.

rerning d,, we observe

4

m;n {vj | (ebk’bj) € D(G), bj labelled} = vrb(k)’
n

the time for computation of d4 is proportional to z |B.|.
i=1

:ompute d2 we use a second set of pointers minu (k), k = 1,...,p,

tsfying

Uine (k) min {ui ] a; labelled, (ai,eak) € D(G)}.

there is no such i, we set minu (k) = 0; we define u, = o,

5 computation requires a time proportional to X(Ai), summed up over all
ith a; labelled. During the next DVC's, as long as no breakthrough

irs, we only have to evaluate the influence upon minu (k) of those

tices a; that have received a label since the preceding DVC. So the time

initially compute and to update afterwards minu (k) during the growth of




borescence is proportional to

m n
oportional to Z |a.| + Z IB.
i=1 Y 3=1 J
d, = min {min {uminu @ v
n
time proportional to ) Ile'
j=1

onstruction of an AP therefore

+ ZIB.| + p + (n+m+p) * {Z|B.
| TR |
J J

ing each element of E occurs a

this formula as ZIAiI + (n+m+
i

mputing time for the whole pro

m * {(n+m+p) * Elle +
h]

Ai is of the same order as )|

]
oportional to:

the number of sets of a
the number of sets of a
- £ times

the sum of the cardinal

reas the time for labelling

w can be computed as

(ebk’bj) e D(G)
ebk and bi in the same state

ea, unlabelled},

time proportional to

in family B, we can sim~

the order

) = 0(n), the computing time

S

the number of elements of

sets of a family.




25

3

Is, J., "Optimum Branchings",
J. Res. Nat. Bureau of Standards, 71 B (1967), 223-240.

1s, J., "Submodular functions, Matroids and Certain Polyhedra",
pp. 69-87 in R. Guy (ed.), Combinatorial Structures and their
Applications, Gordon and Breach, New York (1970).

is, J., "Matroids and the greedy algorithm",
Mathematical Programming, 1 (1971), 127-136.

Jr., L.R. and D.R. Fulkerson, Flows in Networks, Princeton Uni-

versity Press, Princeton (1962).

H.W., "The Hungarian Method for the Assignment Problem",
Naval Res. Logist. Quart., 2 (1955), 83-97.

r, E.L., "Optimal Matroid Intersections", pp. 233-234 in
R. Guy (ed.), Combinatorial Structures and their Applications

Gordon and Breach, New York (1970).

y, L., Transversal Theory,
Academic Press, New York (1971).




QER

PROCERURE MAXIMUM COMMON PARTIAL TRAMSVERSAL

1»P,CARDA,C,PA,PB,LISTA,LISTE,RA,RB);
& MyN,P,CARDA; INIEGER M™,N,P,CARDA}

SQER

IENT
T

JT:

ARRAY C,PA,PB,LISTA,LISTs,RA,RB;

M, RESP, N IS THE NUMBER OF SETS OF FAMILY A, RESP, B,

P IS THE NUMBER OF ELEMENTS OF SET E,

CARDA IS THE SUM OF THE CARLINALIT|ES OF THE SETS OF FaM|LY A,
ARRAY C CONTAINS ThE WE|GHTS OF THE ELEMENTS OF SET E,

PX[Q) CONTAINS THE ADDRESS UF THE FIRST ELEMENT

OF SET Q OF FAMILY X |N LISTX (X=A,8),

THE NEXT ADDRESSES OF LISTX, UNTIL A ZERO |S MET,

CONTAIN THE OTHER ELEMENTS OUF SET Q OF FAM|LY X (X=A,B),

IF RA[K])=RB[K)=0 ELEMENT K WLOES NOT OCCUR |N THE FINAL SOLUT|ON
ELSE ECLEMENT K MATCHES SET Ra[K)] OF FAMILY A AND SET RB[K) OF FAM|LY B,
RA[D] 1S EQUAL TO THE CARDINALITY OF THE SOLUT|ON AND

MAX I MUM COMMON PARTIAL TRANSVERSAL TO |TS WE|GHT;

INTEGER |,J;K,K1,G,'1,0,S,SI,SJ,D,ID,UI,VJ,CK,NA,ND,VHIN,NA];
BQOLEAN LEK; INTEGER ARBAY FAMAILiCARDA+M],NEWLABEL|L1101,
FoMATCHALLIM], U, NEXTALUIi],MATCHS, |LBI1IN],V[O0IN],LEA,LEB,CW[L1IP]}

BRQCERURE LABEL A(I1); VALUE 1) LNTEREB !}
BEGLIN INI S,UMING NEXTA[NA)J:= NAS= 13 UM|Mi= U[]]);
LE UMIN=0 TIHEN BREAK a(l); S:= F[]|]);
EQR Ki= FAMAIS) WglWk K > ¢ Q@
BEGLH 1= S+1} LE LEA[K]<u IHEN
BEGLN | 11:s RAIK]; LE 11%0 IWEN
JEGLU 1f UlI1ll=UMIN THEN
BEGLN LEAIK)1= | LABEL A(|1) ENQ
END ERSE LE CWIKI=VIRBIK]]J=UMIN IHEN
2ESLN LEA[K]:= 1} LABEL EB(K,0) ENR

ENR
(3]
EURs
PROCEDURE LABEL EB(K,L)} VALwE K,L; INTLGER K,L;
BEGIN  INT S,VMINj LEB(K]:2 Lj; VMINie VIRB[K]]} S:z PB[K];

EQR Ji= LISTB[S]) wilkt v > 0 RQ
BEGIN St= S+l LE LBlJI<0 A V(J)=VM|N THEN
BEGLU RBIUls= K; Li= MATCHB(J);
LE L=u IHEN BREAK B(J)}
LABEL ER(L,J); LE LEA[LI<U ~ Cw(kJ=CiL) TIHEN
BEGLN LEA[L}:= G; LABEL A(RA[L]) ENP
EbR

ENQ;




AK AC1)5 YAWE
t= 1 ,LEA[K1] W
Kies MATCHAL
Kits K; LE

Ji1= 0} BREAK B

aK B(J)J YALWE
1= JyLEBIK1) W
MATCHBL )1z K
A(LEALKL])

- CHANGE)

iR ABBAY MInul

VINV}
VM|Ni=s CK#l
EQR Ji= LIS
BEGLN syt

BeS
ENR)
CK13 CKmyml

NEWLABELL ING(N
1E CK>0 TgE

ERSE LE Gel
NEWLABEL[Q]

18
1

Dli

= NE
ul=
s1= F[I11)
REGLN Si1= S

1 STER 1 uN
LEKt= LEB[K

= — e
..
-~

BEGLN  Gi=
QES
END ELS
gReLY CK:
BEG
CK?$
CK?:
ENR

=

ID)=D IREN BRE
Liz NEXTA[O],N
i= 1 STER 1 uN
1= 1 RIEE 1 ud
LEK}= LEA(K

CWIK)i= LE
LE LEK ~ RA
BRGLY Gi=
SEG

EQER 1}

¥ 0 QQ

'CHA[111= K13 RA[K1)i= |}
IEN €QIQ BREAK

n

ESEB v
¥ 0 QR
W13 RBIKL]1= J ENR;

PBIK]);

Y¥eleE ¥>0 DQ

LE LBEJI<O THEN

VIyls LE VJSVM|N IHEN VMIN

K20 IHEN NEWLABELLING(LEK)

QLEAN NEG;
| Qt= 13 Di= DmCK ENP
Qiz Q+1}

IEG THEN =K ELSE K

@ MINUIK]i= 03
NEXTA[NA):= 03
1>0 RO

O IHEN BRGLN O:= Vi; 103= |
FAMALS) WHILE K>U RO
UE<UIMINUTK]] TIHEN MINV[K]:

|Di= NDiz Q)

1Q

. LEAIK]202LEK THEN

Vi LE 6%0 IWEDN
L=UlGI*CWIK]; LE CKkz0 IHEN
K IQEN

CwlK); Gi1= MINU[KI; LE G#0
utel=ulRAIK]]; LE ui<ck TIH
LE CK20 THEN NEWLABELL|NG(

EB[K])) MINV

)3 NDi= MAj

] YHLWE 11%0 QQ utiales= ufl

Q@ LE uBlJI>0 IHEN VviJlis v

. LEKZLEB[KIz0 IHEN

N CW[K)+D ELSE CW(K =D ELSE

Hel

LE LBIG)>C IHEN

Ntz VIG); SJi= PBIK];

IB Ji= LISTBISJ) YHILE v¥>0 R

GLN SJi= SY+1lj) Vdi= VIJis
BEGLN RBIKIi= Jj VMIN

27

NR
)
ue

Ul EDR;
VMIN IHEY
NR




END;
EQR a:= o SIER =1 UnIjL 2
BEGIN Ki= NEWLABEL[Q); |
LE LEAIKI<O IpEN
BEGLN  LEALKI1= LE LEBIKJ]>N - Cwlkl=clk] IHEN 0 ELS
I1t2 KALK]; LE 11=0 IHEN LABEL EB(K,0) ELSE

g

[}
F k<0 THEN LABEL EB(=K.(LEB[=K)) E|

ENR
EaRs
GQIQ ©CO
‘L CHANGE;

Oi= 0; UIOIi= V(C)iz w6
SIEP 1 YuTIll ¥ QO Ulli= FLI)i= MATCHALI):i= 03
SIER 1 WNILL N QO v([J):i= MATCHB[JIt= 03
SIEE 1 UNTLL P Q0
CwlKli=z CKizs C[K); Si:1= PA[K])} SJi= L |STBIPBIK]]S
LE CKSC v LISTA[S11gU v Sug0 IH&N RAIK]Ii= =1 ELSE
SEelN RAIK)i= 03 Ru(K)t=s SJj} EQR Ii= LISTA[SI] WHLILE | > U
BReLY Siiz sl+1) FlI1li= FL|)«l}
LE CK>UL1) IHEN BEGLN MATCHALI1:= k3 yullli=

o

ENQ
END

+ 1 SIEE 1 WnIlL v QQ
Ki= MATCHALI]} LE K=zu IZgN SQIQ IN1;
FLlli= Qi= Q+F[1]j+«1; FAMA[Q)i= U}
LE RA[K]I#0 IHEN g@IQ I1NN; SJdi= P8[K];
EQR Ji= LISTB[Su] WHILE J>0 DR
1E MATCHBIlW])% IUQN SJt= SJd+1 ELSE
BEGIN WATChBIJ)!I= Kj wrBIK)$= J} RA[KI!= |} @QIQ IN1 ENRS
NEXTA[NA)I= NAI= |}

: 1 81EE 1 WMTLL P QQ LE RA[K]20 IHEN
Sii= Pal(k]y EQR 1i= LISTA[SI] ¥dlWk | > 0 RQ
QEGLY Si:= Sl+l; Q:= Fl1)3= FllJ=1} FAMA[Q])i= K END

JAli= 03 NALI® NEXTAID];

ruAl o WHILE | 0 RQ
FQR J 3= 1 SIEP 1 UNILk N RQ LB [J)i= =i;
EQR K := 1 STEP i UNTILL P RQ LEA[(K]:i= LEB[K]:= =1}
MASs MATCHA[1]ts 03 NAl:= NEXTA[I]}
LABEL A(1)3 DUAL CHANGE;

i EQR ki= 1 SIEP 1 yYNIiw » RQ

(1<0 IHEM RALKIp= RAIK)I= § ELSE

(1:= Kie1; Cki= Ck+C[%, EXD;

: K13 MAXIMU™M COWNON PARTIAL TRANSVERSAL i= CK

AMON PAKRTIAL TRANSVERSAL




